There is a convincing experimental evidence that neutrinos are massive. Therefore we investigate the influence of the neutrino masses on the unification of gauge and Yukawa couplings in the framework of the Minimal Supersymmetric Standard Model. We estimate the contribution of the neutrino Yukawa coupling to the gauge and Yukawa coupling unification. We find that in the case of the gauge coupling unification the effect of massive neutrinos is small and can be neglected. It appears to be much more significant, if we explore Y b and Y τ equality at the GUT scale. The neutrino contribution can change that relation even by ∼12%. 0 email: Kamila.Kowalska@fuw.edu.pl
Introduction
The idea of Grand Unification [1] has been known in theoretical physics for years. One of its most important predictions is the gauge couplings unification at the GUT scale. In such a framework the parameters of the Standard Model (or of its supersymmetric version) are related to the parameters of the unified theory by means of the renormalizationgroup evolution from the assumed GUT scale down to the electroweak scale. Conversely, the idea of unification of the strong and electroweak forces can be effectively tested by extrapolating the three known gauge couplings of the SM up to the energy scale M GU T . Similarly, since some of the GUTs predict that the Yukawa couplings should also unify, the extrapolation of these couplings to the GUT scale provides further test of specific unification scenarios. Requiring unification may in this case put some limits on the low energy parameters. In the Minimal Supersymmetric Standard Model exact b − τ Yukawa coupling unification at the level of two-loop renormalization group equations is possible only for very small and very large values of tan β, i.e. for tan β 1.7 and tan β 50. Including supersymmetric one-loop correction one can enlarge the range of possible tan β values even to tan β 2.1 and tan β 10 [2] .
The existence of any additional field in a theory has important consequences in the context of the unification. The renormalization-group equations are sensitive to the particle contents of the theory under study. For example, the precise gauge coupling unification does not hold in the Standard Model [3] , while it becomes possible in the MSSM, where the superpartners of the ordinary particles are introduced.
Recent data, coming from the experiments measuring the neutrino oscillations ( [4] , [5] , [6] , [7] , [8] ) indicate that neutrinos have masses, yet still much smaller than the other fermions. In that connection, the Standard Model (or the MSSM) should be enlarged by the additional fields, describing the right-handed neutrinos. The most natural explanation of the smallness of the observed neutrino masses is to add ν R with the mass M R ≫ M Z to the particle spectrum. This is always possible in the framework of the SM or MSSM, since right-handed neutrinos are singlets under gauge group SU(3)×SU(2)×U(1). The effective neutrino mass is then generated through the see-saw mechanism [9] 
Obtaining light (i.e. m ν ∼ 1 eV) neutrinos requires therefore the new scale M R to be very large, of the order of 10 14 GeV. The influence of the neutrino masses on the unification of the gauge couplings in the MSSM has been studied in paper of J. A. Casas et al [10] . In the case of b − τ unification similar analysis for small values of tan β (without supersymmetric one-loop correction) has been performed by M. Carena et al [11] . They found that the presence of massive neutrinos above the Majorana scale may enlarge the range of tan β consistent with the unification of the third generation Yukawa couplings, if there is large mixing in leptonic sector.
Encouraged by those results, in this paper we estimate the contribution of the neutrino Yukawa couplings to the running of gauge and Yukawa couplings for both small and large tan β regimes, however we do not consider mixing in leptonic sector. We consider different neutrino mass hierarchies as well as different values of the Majorana scale and of the superparticle decoupling scale M SU SY . We also take into account the finite supersymmetric one-loop correction to the bottom quark mass. We conclude that the presence of the right-handed neutrinos above M R can change Y τ /Y b ratio even by ∼12% and our results agree with those presented in [11] for small tan β and with no mixing. This effect can be used to obtain b − τ unification for other values of the MSSM parameters, like superparticle decoupling scale M SU SY or tan β. However, the presence of massive neutrinos does not enlarge the range of tan β values, consistent with the b − τ unification.
Numerical results
All calculations are performed by means of the two-loop renormalization-group equations for the gauge and Yukawa couplings. Below the scale M SU SY we use the Standard Model β-functions of the gauge and Yukawa couplings [12] . Between M SU SY and M R the RGEs of MSSM [13] are used. Above the Majorana scale M R , running of the neutrino Yukawa coupling must be taken into account. The appropriate two-loop RGEs have been derived using the general expression for the two-loop β functions of the superpotential parameter Y i given in [13] . We present them in the Appendix.
We use the following input parameters :
The initial values of the Yukawa couplings are obtained from the relations
Form the oscillation experiments only neutrino mass-squared splittings can be obtained, not the masses themselves. Therefore, different assumptions about neutrino mass hierarchy can explain the experimental data: degenerate neutrino eigenstates m 1 ≈ m 2 ≈ m 3 with masses of order 1 eV or large hierarchy of neutrino masses
In this connection we consider such different sets of effective neutrino masses: 
Gauge couplings unification
In the Minimal Supersymmetric Standard Model exact unification of the gauge couplings at the energy M GU T = 1.5 × 10 16 GeV is obtained at the two-loop level for the supersymmetry breaking scale M SU SY = 1 TeV. Since the right-handed neutrinos are singlets under the MSSM gauge group, the unification of the gauge couplings is affected only by the presence of the Dirac neutrino Yukawa coupling at the two-loop level above the Majorana scale M R . In Fig.1 we present the dependence of the ratios g 1 /g 3 and g 1 /g 2 in the MSSM at the GUT scale as a function of the Majorana mass for different sets of the neutrino masses at the electroweak scale. The effect is expected to be the stronger the larger is the initial value of Y n , which is related through the see-saw mechanism to the light neutrino mass and the Majorana scale, Y n ∼ √ m ν M R . The lines are interrupted when neutrino Yukawa couplings become non-perturbative, i.e. Y 2 n (M R )/4π ≈ 1. Unification of the gauge couplings is very weakly affected by the neutrino Yukawa couplings: the biggest effect is smaller than 1%. It is not a surprise since Y n arise in β(g) functions only as a two-loop correction. Our results agree with those presented in [10] . Contrary to the case of the gauge couplings, neutrinos affect the RGEs of Yukawa couplings at one-loop. Hence one can expect that their influence on the b − τ unification is much more significant. In Fig.2 we plot the ratio Y τ /Y b (M GU T ) at the GUT scale as a function of M R for different values of the neutrino masses and tan β = 2.1, 44 respectively. We fix supersymmetric parameters so that the bottom-tau unification holds for tan β = 44 and M SU SY = 1 TeV in the case of massless neutrinos. The lines are terminated when the neutrino Yukawa coupling reaches the non-perturbative region.
b − τ unification
One observes that introduction of massive neutrinos can change the ratio Y τ /Y b even by 12%. As a result, the b − τ unification can hold for those values of tan β for which Y τ /Y b (M GU T ) < 1 in the case of the massless neutrinos with the chosen SUSY spectrum. To illustrate this effect, in Fig.3 we plot the ratio Y τ /Y b (M GU T ) at the GUT scale as a function of M R for different values of the neutrino masses and tan β = 3, 4, 30, 50 and with the supersymmetric parameters as in the previous case. With massive neutrinos the ratio Y τ /Y b (M GU T ) increases, hence b − τ unification can be possible for tan β 2.1 and tan β 44 for the chosen set of supersymmetric parameters. With other choice of SUSY parameters, unification can hold in the range of tan β given in [2] . However, addition of massive neutrinos cannot assure unification for 2.1 tan β 10. For some parameters an extremum of the Y τ /Y b ratio is observed. Beyond this critical point the ratio Y τ /Y b decreases when the Majorana mass increases. This is due to the fact that the neutrino Yukawa coupling does not affect the bottom Yukawa β-function, but does enter the one of τ with positive sign. Therefore, the larger is the initial value of Y n , the 'faster' is the running of the τ Yukawa coupling. However, for fixed m ν , larger Y n implies larger Majorana scale i.e. shorter the interval of scales at which the neutrino Yukawa coupling affects the running of Y τ . Therefore, for M R close to the GUT scale it can happen that, though τ Yukawa coupling is stronger renormalized than in smaller M R case, the final value of Y τ will be smaller. we have to pay attention to the one-loop correction to the bottom quark mass [14] . Since it depends on the particles masses, its magnitude might depend strongly on the M SU SY scale. However, it has been emphasized [14] that this correction does not change after rescaling of masses of all SUSY particles, hence it only weakly depends on the superpartner masses.
One can see that for tan β = 2.1 the b − τ unification is possible only if the supersymmetry breaking scale is decreased. This is due to the fact that the Standard Model β-function of the τ Yukawa coupling decreases 'slower' than its supersymmetric counterpart. Thus, the smaller M SU SY scale, the smaller is the finite value of Y τ . At the same time the b Yukawa coupling is more strongly renormalized by the MSSM RGEs than by the SM ones. However, this effect is very weak for small tan β, hence Y b is almost unchanged by moving the superparticle decoupling scale. This way one can decrease the
The situation is opposite for tan β = 44 case. In this case one has to choose larger values of M SU SY to get exact b − τ unification . It is possible even for supersymmetry breaking scale as high as 20 TeV. The mechanism is similar to the one in the previous case. However 
Conclusions
In this paper we have investigated the influence of neutrino masses on the unification of the gauge and Yukawa couplings in the Minimal Supersymmetric Standard Model. Neutrinos effect on the unification of the gauge couplings turned out to be very weak, as one could expect for the second-order correction. The ratios g 1 /g 2 and g 1 /g 3 at the GUT scale are changed by less than 0.7%.
The effect of the neutrino Yukawa couplings is much larger in the case of the b − τ unification. Generically the ratio Y τ /Y b increases in the presence of the right-handed neutrinos. The effect depends on the neutrino decoupling scale and on the light neutrino masses and can reach even 12%.
This mechanism can make the b−τ unification possible for those values of the MSSM parameters which were previously disfavored. It allows the superparticle decoupling scale to be smaller (bigger) than 1 TeV for tan β = 2.1 (tan β = 44). Moreover, it makes unification possible for those values of tan β for which Y τ /Y b < 1 at the GUT scale in the absence of massive neutrinos. However, this effect does not enlarge the range of tan β, consistent with b − τ unification with the supersymmetric one-loop correction to the bottom quark mass included. 
